Abstract. Alon, Frankl, and Lovász proved a conjecture of Erdős that one needs at least ⌈ n−r(k−1) r−1 ⌉ colors to color the k-subsets of {1, . . . , n} such that any r of the k-subsets that have the same color are not pairwise disjoint. A generalization of this problem where one requires s-wise instead of pairwise intersections was considered by Sarkaria. He claimed a proof of a generalized Erdős-Kneser conjecture establishing a lower bound for the number of colors that reduces to Erdős' original conjecture for s = 2. Lange and Ziegler pointed out that his proof fails whenever r is not a prime. Here we establish this generalized Erdős-Kneser conjecture for every r, as long as s is not too close to r. Our result encompasses earlier results but is significantly more general. We discuss relations of our results to conjectures of Ziegler and of Abyazi Sani and Alishahi, and prove the latter in several cases.
Introduction
Lovász [12] proved a conjecture of Kneser [10] that at least n − 2(k − 1) colors are required in any coloring of the k-element subsets of [n] = {1, . . . , n} to ensure that any two k-subsets of the same color intersect. We will denote the k-element subsets of a set X by X k . Erdős [7] conjectured that at least ⌈ n−r(k−1) r−1 ⌉ colors are required in any coloring of
[n] k to ensure that any r elements of [n] k that receive the same color are not pairwise disjoint. This was proven by Alon, Frankl, and Lovász [4] .
Sarkaria [14] considered the natural extension, where one seeks to understand this combinatorial question beyond the case of pairwise intersections: He showed that for s ≥ 2 at least ⌈ (s−1)n−r(k−1) r−1 ⌉ colors are required in any coloring of [n] k to ensure that given any r (not necessarily distinct) elements of
[n] k that receive the same color some s of them intersect, provided that r is a prime. While Sarkaria claimed this result for arbitrary r, his reduction to the prime case contained an error and only works if s is at most the largest prime divisor of r; see Lange and Ziegler [11] and Ziegler [18] . Thus for larger s and composite r this generalized Erdős-Kneser conjecture has remained open.
Here we prove the generalized Erdős-Kneser conjecture for arbitrary r, and s not too close to r (see Theorem 3.7 where we prove a more general statement): Theorem 1.1. Let r ≥ 2, k ≥ 1, n ≥ sk be integers. Let r = 2 α0 · p α1 1 · · · p αt t be the prime factorization of r, i.e., the p i are pairwise distinct odd primes and α i ∈ Z ≥0 . Let 2 ≤ s ≤ 2 α0 · (p 1 − 1) α1 · · · (p t − 1) αt .
Then at least ⌈ to ensure that given any r (not necessarily distinct) elements of [n] k that receive the same color some s of them intersect.
Throughout the manuscript for an integer r ≥ 2 with prime factorization 2 α0 · p α1 1 · · · p αt t we define b(r) = 2 α0 · (p 1 − 1) α1 · · · (p t − 1) αt . We emphasize that we distinguish "intersect" and "pairwise intersect", where s sets intersect by definition if they all share a common element. This lower bound on the number of colors is known to be not optimal; see Lange and Ziegler [11] . In fact, they conjectured that their upper bound of 1 +
is tight.
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Our proof does not rely on Sarkaria's result, but instead employs techniques recently developed by the fourth author [9, 8] . In particular, our approach also yields new proofs of earlier results. We relate the generalized Erdős-Kneser conjecture to several other problems: Among others we observe that it follows from extending the optimal colored Tverberg theorem of Blagojević, Matschke, and Ziegler [5] from primes r to prime powers; see Remark 3.8.
We present some preliminaries on hypergraphs such as the standard translation of the generalized Erdős-Kneser conjecture into a hypergraph coloring problem in Section 2. Section 3 contains the proof of our main result and relations to other problems. We discuss a conjecture of Abyazi Sani and Alishahi in Section 4 and prove it in several cases. In fact, we prove a strengthening of the conjecture in those cases in Section 5; see Theorem 5.1. We use this to establish that one can restrict to a natural subfamily of all k-element subsets of [n] and still observe the same intersection pattern as in Theorem 1.1; see Corollary 5.2.
Transition to hypergraph colorings
Given a ground set X and an integer r ≥ 2 an r-uniform hypergraph (with multiplicities) H is a set of r-element multisubsets of X, that is, repetitions of elements are allowed. Elements of X are the vertices of H, while elements of H are called hyperedges. An m-coloring of H for an integer m ≥ 1 is a map c : X −→ [m] such that every hyperedge σ ∈ H contains vertices x, y ∈ σ with different colors c(x) = c(y). The smallest integer m such that H admits an m-coloring is the chromatic number of H, denoted by χ(H).
There is a standard reformulation of Kneser's conjecture and its relatives in the language of hypergraph colorings. The vertex set is Following Lange and Ziegler [11] , denote by KG r s−1 (n, k) the hypergraph on vertex set
k , where a multisubset {{A 1 , . . . , A r }} of We will establish lower bounds for χ(KG r s−1 (n, k)) by comparing it to the chromatic number of a Kneser hypergraph whose vertex set consists of transversals of a partition of [n]: Let P = {P 1 , . . . , P ℓ } be a partition of [n]; denote by KG r (n, k; P) (or by KG r (n, k; P 1 , . . . , P ℓ )) the hypergraph whose vertices
, and whose hyperedges consists of r such sets that are pairwise disjoint. More generally, if F is any system of subsets of [n], let KG r (F ; P) be the hypergraph whose vertices correspond to those σ ∈ F with |σ ∩ P i | ≤ 1 for all i ∈ [ℓ], and with a hyperedge for any collection of r vertices that correspond to pairwise disjoint sets.
Lower bounds for the chromatic number of KG r (F ; P) follow from [8] provided that r is a prime and the partition consists of sets of size at most r − 1:
. Let F be a system of subsets of [n], let r be a prime, and let
We briefly recall the definition of the topological r-colorability defect tcd r (F ) of a system F of subsets of [n] from [8] . Let K be a simplicial complex on vertex set [N ] with N ≥ n whose minimal nonfaces are the inclusion-minimal sets of F . Let d ≥ 0 be the least integer such that there is a continuous map [n]
, and thus we immediately get the following lemma:
Lemma 2.2. Let r ≥ 2 be a prime, and let k ≥ 1 and n ≥ rk be integers. Let
Proof of the main result
Sarkaria [14] claimed to establish a lower bound for χ(KG r s−1 (n, k)) for arbitrary r, but his induction on the number of prime divisors of r contained a mistake that cannot be fixed; see Lange and Ziegler [11] .
Here we first show that χ(KG r s−1 (n, k)) is bounded from below by the chromatic number of a specially constructed hypergraph, see Lemma 3.1, and then we can induct on prime divisors of r for this family of hypergraphs in a non-straightforward way, see Lemma 3.2.
Lemma 3.1. Let r ≥ 2, k ≥ 1, and n ≥ k be integers and s = (s 1 , . . . , s n ) a vector of positive
Proof. Given an m-coloring c :
be the map that projects every element of P i to i. For a k-element
We claim that c ′ defines an m-coloring:
Since P ℓ only has s elements, the sets A i1 , . . . , A is+1 cannot be pairwise disjoint. Hence the sets A 1 , . . . , A r do not form a hyperedge of KG r (N, k; P) and c ′ is an m-coloring.
The following reduction to prime divisors is similar to the one given by Alon, Drewnoswki, and Łuczak [3, Lemma 3.3].
Lemma 3.2. Let r 1 , r 2 ≥ 2 and b 1 , b 2 ≥ 1 be integers. Suppose for all integers k 1 ≥ 1, n 1 ≥ r 1 k 1 , and
, and suppose for all integers k 2 ≥ 1, n 2 ≥ r 2 k 2 , and partitions
. Then for all integers k ≥ 1, n ≥ r 1 r 2 k, and partitions Then by the previous paragraph, each vertex A contains a monochromatic pairwise disjoint r 2 -tuple, so we can give an L-coloring c ′ of this hypergraph by assigning each vertex A the color of one of the monochromatic pairwise disjoint r 2 -tuples it contains. Then by assumption we have
. . , R t,1 , . . . , R t,αt ) yields a monochromatic hyperedge (A 1 , . . . , A r1 ). Since for each i ∈ [r 1 ] the set A i contains a monochromatic pairwise disjoint r 2 -tuple of k-sets of the same color, together we have r 1 r 2 pairwise disjoint k-sets of the same color in the original hypergraph KG r1r2 (n, k; R 1 , . . . , R t ). This contradicts that c is a proper coloring.
As a last ingredient before proving our main result we need one additional reduction for r a power of [17] ). For integers r ≥ 2, k ≥ 1, and n ≥ rk we have
The r = 2 case of this conjecture recovers a classical result of Schrijver [15] . Alon, Drewnowski, and Łuczak [3] showed that if Conjecture 3.3 holds for r = p and for r = q then it also holds for their product pq. Thus in light of Schrijver's result Conjecture 3.3 holds for r a power of two. Otherwise it is open; for some recent progress see [8] .
If P = {P 1 , . . . , P ℓ } is a partition of [n] with |P i | ≤ r for all i ∈ [ℓ], then the hypergraph KG r (n, k) r−stab is a subhypergraph of KG r (n, k; P) after possibly reordering [n] to make each part P i consist of consecutive elements. Together with the preceding paragraph this implies:
Lemma 3.4. Let r = 2 t be a power of two, and let k ≥ 1 and n ≥ rk be integers. Let
We conjecture that r being a power of two is a superfluous condition in the preceding lemma:
Conjecture 3.5. Let r ≥ 2, k ≥ 1, and n ≥ rk be integers. Let P = {P 1 , . . . , P ℓ } be a partition of [n]
Conjecture 3.5 is implied by Conjecture 3.3. Lemma 3.2 shows that it suffices to establish Conjecture 3.5 for r a prime. Combining the lemmas above shows that Conjecture 3.5 holds in many cases; see Theorem 3.6 below. Recall that for an integer r ≥ 2 with prime factorization 2 α0 · p
Theorem 3.6. Let r ≥ 2 be an integer. Then Conjecture 3.5 holds for r and any partition P =
Proof. If r is a power of two, this follows from Lemma 3.4. If r is an odd prime this is guaranteed by Lemma 2.2. For general r this follows by induction using Lemma 3.2. 
Here we show:
Then the result follows from Theorem 3.6.
We will further extend this result to a larger class of Kneser hypergraphs in the next section.
Lower bounds for the chromatic number of wide subhypergraphs
When defining the hypergraph KG r A (n, k) we can by symmetry always assume that A = {1, 2, . . . , |A|}, and thus we constrain KG r (n, k) by only retaining those vertices that correspond to sets that are not contained in the initial interval of length |A| in [n]. More generally, we can disregard vertices that correspond to sets that are contained in any interval of some fixed length, and still establish the same lower bounds for the chromatic number: For an integer t ≥ 1 denote by KG r (n, k) t−wide the subhypergraph of KG r (n, k) induced by those vertices that correspond to k-subsets σ in [n] that are not contained in any of the sets {i, i + 1, . . . , i + t − 1} for i ∈ [n − t + 1]. We call such sets σ t-wide.
Lower bounds for these subhypergraphs of Kneser graphs induced by "wide" k-sets in [n] are interesting in the context of the generalized Erdős-Kneser conjecture. For a partition P = {P 1 , . . . , P ℓ } of [n] and an integer t ≥ 1 let KG r (n, k; P) t−wide be the subhypergraph of KG r (n, k) whose vertices correspond to k-sets σ ⊂ [n] that are t-wide and transversal to P, that is, |σ ∩ P i | ≤ 1 for each i ∈ [ℓ]. We will extend our lower bounds for the chromatic number to KG r (n, k; P) t−wide for certain values of t and partitions with |P i | ≤ r − 1 provided that r is a prime. Using the construction of Lemma 3.1 we thus obtain lower bounds for the chromatic number of certain natural subhypergraphs of KG r s (n, k). This is analogous to a result of Schrijver [15] who identifies vertex-critical subgraphs of Kneser graphs KG 2 (n, k). Natural subhypergraphs of KG r (n, k) that still satisfy the same lower bound for the chromatic number were identified by Meunier [13] , Alishahi and Hajiabolhassan [2] , and the fourth author [8] .
Theorem 5.1. Let k ≥ 1 be an integer, r ≥ 2 a prime, and n ≥ rk an integer. Let P = {P 1 , . . . , P ℓ } be
Proof. Denote the k-element subsets of [n] that are t-wide by [n]
We define the map f : K −→ R d as an affine map. To define the images of the vertex set of K we need a result of Bukh, Loh, and Nivasch [6] on the existence of point configurations with certain Tverberg partitions, i.e., partitions of the point set into r parts whose convex hulls all share a common point. In order to state their result we need the following definitions: A partition of [(r − 1)(d + 1) + 1] into r parts
Given a sequence x 1 , . . . , x N of points in R d we say that a partition two elements at distance at least t. Thus σ j is a nonface of K, which is a contradiction since we chose σ 1 , . . . , σ r to be faces of K.
For an integer t ≥ 1 we denote by KG with |P i | = s i . Let F ′ be the system of subsets of [N ] that for every F ∈ F contains the set F ′ = i∈F P i .
Then in complete analogy to Lemma 3.1 one proves using Lemma 2.1 that χ(KG r s (F )) ≥ χ(KG r (F ′ ; P)) ≥ tcd r (F ′ ) r − 1 .
